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Recall X — X conical symplectic resolution, and algebra Ap, the Rees algebra of the universal quantization

of C[X]. As a reminder, this is a noncommutative filtered algebra whose associated graded in C[X].
Ezample 1. X = C?/(Z/3Z) and the resolution

Here
Ay = Clh{a1, az,as,b,c)/([a;, a;] = 0,[a;,b] = —hb, [a;, c] = he,be = (a1 + h) (a2 + h)(as + k), cb = arazas)

This is an algebra over its centre C[h, a; — as, ag — as] = C[h] ® C[H?(X)]. Taking the weight zero space with
respect to teh torus action, we get

B = (An)o/ (fgwt(f) > 0 wt(g) = —wt(f)) .
In our example,
Clh, a1, az, as]/(be) = Clh, a1, az, as]/{(a1 + h)(az + h)(as + h)) = Hix o« (T*P?)
Equivaraint Hikita is that By ~ HJ\ o« (Xh.
S:(C{qA‘A c HQ(X!;Z}.
Ezample 2. X' = T*P?, Hy(X') = Z C N as the effective classes. If S = C[q], then as a vector space
QH;“’XCX = H;!XCX ®S
with a funny product such if ¢ = 0, get usual cup product. The completion means we allow power series.

Theorem 1 (Braverman-Maulik-Okounkov). “In many cases” there exists a finite set Ay C Ha(X';Z)eyy
and operators for all o € Ay
!

Lot H3ox (XY)
such that Yu € H*T' x C*(X") and for all VInH T o (X", we have

where we project u to HQ(X!) and then pair with a. (The power series that appear will all be rational
functions).

Ezample 3. X' = T*P? and H?2

X (X' = C{a1,a9,as,h|}. Ay = {a} with (a;,a) = —1 for all i. So our
formula says that

L(v) =0 for all v € H® or H?. But
L(a1a2) = —alagag/h



(recall that (a; 4+ h)(az + h)(as + k) so the above is divisible by A.
Therefore
L((a1 + h)(ag + h)) = L(alag) + hL(a2 + (Lg) + ﬁL(l)

Because L kills degree two and zero things, the RHS is L(agas). The quantum product of the three terms is
not zero:

(ar+h)x(az-+h)x(ag+h) = (ar+h) % (az-+h) (ag+h) = (ar+h)(az+h) (ag+h)+ T —arazas = " —a1azaz.
Similarly,
a1a2a3 = a1 * G203 = G10203 + 2 ai1ao0a3 = a1a20as.
l—q I—q
Therefore

(a1 +R) * (az + h) * (a3 + h) = q(a1 * az * a3)

and this is the only relation in
QHjuyox (T'P?) = C[h, a1, a2, a3, ] /(a1 + h) * (a2 + h) * (a3 + ) = g(a1 * as * az)).

Recall that T C Aut(X) is a maximal torus, and the basic Hikita conjecture in degree two says that
Lie(T) ~ H?(X"). In particular, )
Hom(T,C*) ~ Hy(X"Z) D Ay

and the A can be thought of as characters of 1.
Definition 1. M := (Ap)o ® S/S-{f9—a*gf | wt(f) =X € NAL, wi(g) = —A}.
In our favourite example, we have wt(b) = 1 and wt(c) = —1, so we kill be — geb. That is,
bc — qcb = (a1 + h) * (a2 + h) * (a3 + h) — qaiazas.

The ring M is interesting in its own right: setting ¢ = 0, M ~» By. Setting ¢ = 1, M ~ HHy(Ap) =
Ay /commutators, the Hochield homology.

What is interesting about HH is that if V' is finite-dimensional representation of A, we get Ay acting on
Vi = Rees(V). We can define a map
Ap — C[h)

sending f — tr(f acting on V). This map factors through HH, and HH can be viewed as being for a
universal source of traces.
If ACV =, ctom(r,cx) Vi With finite- dimensional weight spaces, we get Ay CVy. We get trace maps

(An)o — C[n] @ Clg"]

a graded version of trace. It sends
Fe >t (f O Vi) gt

M can be thought of as a universal source for such traces.
Problem: M is not a ring; what we quotiented by is not an ideal. We have

b(ac) — qlac)b = be(ay + h) — garch = (ay + h)*(as + h)(as + h) — qajagas.
The trick is to change the multiplication.

Definition 2. Let
R= C[h] <a1a asz, as, Q| [Q7ai] = qha [aivaj] = O> B

almost polynomial ring, but ga; = (a; + h)q.



Proposition 1. M is an R-module, and, in our example, M ~ R/R{(a1 + h)(az + h)(as + k) = qajaszas).

This makes M nicer, but it is still hard to compare non-commutative R to commutative QH. We will fix
this by replacing Q H with quantum connection.
Always have a short exact sequence

0 —— Ch® Hy(X) —— (Ap)} —— C[X]2 ~ Lie(T) —— 0

General presentation of R is then
R =S @Sym(Ap);

with multiplication
u.qa = q)\(u+ <)‘a7-_">h

And RC S ® (Ap)o with M a quoatient as an R-module.
!

Dually, (Ap)3 ~ H%,XCX (X") (equivariant Hikita) and

R OQH;’XCX (X‘) =9 ® H;"!XCX (X
by

u- (@ @v) =h\a) ¢ @v+ g (uxv)
this is called the quantum D-module

Conjecture 1 (Kamnitzer—MgBregn—P). Quantum Hikita Conjecture: H = S®g¢ M is isomorphic to
QH% o« (X') as a module of R =5 ®g R.

If set ¢ = 1 (delicate), M becomes HH.
This is proved for hypertoric varieties and Springer resolution.



